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LINEAR COMBINATION OF COMPOSITION OPERATORS ON
H∞ AND THE BLOCH SPACE
YECHENG SHI AND SONGXIAO LI∗
ABSTRACT. Let λi(i = 1, ..., k) be any nonzero complex scalars and
ϕi(i = 1, .., k) be any analytic self-maps of the unit disk D. We show
that the operator
∑k
i=1 λiCϕi is compact on the Bloch space B if and
only if
lim
n→∞
‖λ1ϕ
n
1
+ λ2ϕ
n
2
+ ...+ λkϕ
n
k‖B = 0.
We also study the linear combination of composition operators on the
Banach algebra of bounded analytic functions.
Keywords: Composition operator; Bloch space; linear combination; com-
pact; difference.
1. INTRODUCTION
Let D denote the open unit disk in the complex plane C. We denote by
H(D) the class of functions analytic in D. Let H∞ = H∞(D) be the space
of all bounded analytic functions on D. Then H∞ is a Banach algebra with
the supremum norm ‖f‖∞ = supz∈D |f(z)|.
Recall that the Bloch space B is a space which consists of all f ∈ H(D)
such that
‖f‖β = sup
z∈D
(1− |z|2)|f ′(z)| <∞.
It is well known that B is a Banach space under the norm ‖f‖B = |f(0)|+
‖f‖β.
For a ∈ D, let σa(z) :=
a−z
1−a¯z
be the disc automorphism that exchanges
0 for a. For z, w ∈ D, the pseudo-hyperbolic distance between z and w is
given by
ρ(z, w) = |σw(z)| =
∣∣∣∣
z − w
1− w¯z
∣∣∣∣.
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We write ρij(z) = ρ(ϕi(z), ϕj(z)) and denote the hyperbolic derivative
ϕ#(z) =
1− |z|2
1− |ϕ(z)|2
ϕ′(z).
Let△ denote the collection of all sequences {zn} in D converging to some
point of ∂D such that the sequences {ϕi(zn)}, {ϕ
#
i (zn)} and {ρij(zn)} also
converge for all i, j = 1, ..., k. Given a sequence {zn} ∈ △ and an index
j = 1, ..., k, define
I{zn} = {i : |ϕi(zn)| → 1},
Ij{zn} = {i : |ρij(zn)| → 0},
I∗j {zn} = Ij{zn} ∩ {i : |ϕ
#
i (zn)|9 0},
I
#
j {zn} = Ij{zn} ∩ {i : limϕ
#
i (zn) = limϕ
#
j (zn)}.
Note that every sequence {zn} in D with |zn| → 1 has subsequences be-
longing to △. Furthermore, the sets Ij{zn} induce a natural partition of
I{zn}.
Let ϕ be an analytic self-map of D. The function ϕ induces a composi-
tion operator Cϕ : H(D) → H(D) defined by Cϕf = f ◦ ϕ. An extensive
study on the theory of composition operators has been established during
the past four decades. A basic and interesting problem concerning com-
position operators is to relate operator theoretic properties to their function
theoretic properties of their symbols. We refer the reader to [5] and [20].
Madigan and Matheson in [12] proved that Cϕ : B → B is compact if
and only if lim|ϕ(z)|→1 |ϕ
#(z)| = 0. In [19], Wulan, Zheng and Zhu used
the power functions as test functions and obtained a new characterization
for the compactness of the operator Cϕ : B → B, i.e., they showed that
Cϕ : B → B is compact if and only if
lim
n→∞
‖ϕn‖B = 0.
Hosokawa and Ohno [8] and Nieminen [14] have investigated the compact
differences of composition operators on the Bloch space. In [18], the au-
thors of this paper obtained several estimates for the essential norm of the
differences of composition operators on B. Among others, we showed that
‖Cϕ − Cψ‖B→B,e ≍ lim
n→∞
‖ϕn − ψn‖B.
For further results on compact differences on various settings, we refer to
[3, 13, 14, 15, 16, 17, 18] and references therein.
Along the line of study on differences, the study on linear combination
of composition operators has been a topic of growing interest. Izuchi and
Ohno [9] have given a complete characterization for the compactness of
linear combination of composition operators onH∞. Hosokawa, Nieminen
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and Ohno [7] characterized the compactness of the linear combination of
composition operators on the Bloch space. The main result in [7] is stated
as follows.
Theorem A [7]. Suppose k is a positive integer. Let λ1, λ2, ..., λk be any
nonzero complex scalars, and ϕ1, ϕ2, ..., ϕk be any analytic self-maps of D.
Then the following statements are equivalent:
(i) The operator
∑k
i=1 λiCϕi is compact on B.
(ii)
∑
i∈Ij{zn}
λiϕ
#
i (zn)→ 0 as n→∞ for all {zn} ∈ △, j ∈ I{zn}.
(iii)
∑
i∈I∗j {zn}
λi = 0 for all {zn} ∈ △, j ∈ I{zn}.
(iv)
∑
i∈I#j {zn}
λi = 0 for all {zn} ∈ △, j ∈ I{zn} with ϕ
#
j (zn)9 0.
For further results on the linear combination of composition operators,
we refer to [1, 2, 3, 4, 6, 7, 9, 10, 11] and references therein.
The main aim in this work is to provide criteria for the compactness of
the linear combination of composition operators
∑k
i=1 λiCϕi acting on the
Bloch space andH∞ in terms of the sequence ‖λ1ϕ
n
1 +λ2ϕ
n
2 + ...+λkϕ
n
k‖B
and ‖λ1ϕ
n
1 + λ2ϕ
n
2 + ... + λkϕ
n
k‖∞, respectively. The compactness of the
operator
∑k
i=1 λiCϕi on the Bloch space and H
∞ can be easily verified by
using the results in this paper.
For two quantities A and B, we use the abbreviation A . B whenever
there is a positive constant c (independent of the associated variables) such
that A ≤ cB. We write A ≍ B, if A . B . A.
2. MAIN RESULTS AND PROOFS
In this section, we state and prove some preliminary results needed for
the rest of this paper. The following lemma below is an adaptation of in
[19] to a more general and abstract setting.
Lemma 1. Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y ) be two Banach spaces of analytic
functions in D and ‖ · ‖X→Y is the operator norm. T is a bounded linear
operator fromX into Y . Suppose {fn} is a function sequence ofX , fn(z) =∑∞
j=0 an,jz
j , such that
(i) there exists a positive constant C independent of n such that
∞∑
j=0
|an,j|‖z
j‖X ≤ C,
(ii) for any fix positive integer k,
lim
n→∞
k∑
j=0
|an,j|‖z
j‖X = 0.
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Then
lim
n→∞
‖Tfn‖Y . lim sup
n→∞
‖Tzn‖Y
‖zn‖X
.
Proof. Since fn(z) =
∑∞
j=0 an,jz
j , we have
‖Tfn‖Y ≤
∞∑
j=0
|an,j|‖Tz
j‖Y
=
∞∑
j=0
|an,j|‖z
j‖X
‖Tzj‖Y
‖zj‖X
≤
k∑
j=0
|an,j|‖z
j‖X
‖Tzj‖Y
‖zj‖X
+
( ∞∑
j=k+1
|an,j|‖z
j‖X
)
sup
i≥k+1
‖Tzi‖Y
‖zi‖X
≤
( k∑
j=0
|an,j|‖z
j‖X
)
‖T‖X→Y +
( ∞∑
j=k+1
|an,j|‖z
j‖X
)
sup
i≥k+1
‖Tzi‖Y
‖zi‖X
.
By (i) and (ii), letting n→∞, we have
lim sup
n→∞
‖Tfn‖Y . sup
i≥k+1
‖Tzi‖Y
‖zi‖X
.
Letting k →∞, we get the desired result. The proof is complete.
Lemma 2. Let f, g, h ∈ H(D). Suppose f(z) =
∑∞
i=0 aiz
i, g(z) =∑∞
j=0 bjz
j , and h(z) =
∑∞
k=0 ckz
k, where ai, bj, ck ∈ C. If h(z) = f(z)g(z),
then
∞∑
k=0
|ck| ≤
( ∞∑
i=0
|ai|
)( ∞∑
i=0
|bi|
)
.
Proof. Since
h(z) =
( ∞∑
i=0
aiz
i
)( ∞∑
j=0
bjz
j
)
=
∞∑
k=0
( k∑
i=0
aibk−i
)
zk,
we obtain ck =
∑k
i=0 aibk−i. Thus,
∞∑
k=0
|ck| =
∞∑
k=0
∣∣∣
k∑
i=0
aibk−i
∣∣∣ ≤
∞∑
k=0
k∑
i=0
|ai||bk−i| =
( ∞∑
i=0
|ai|
)( ∞∑
i=0
|bi|
)
.
Theorem 1. Suppose k is a positive integer. Let λ1, λ2, ..., λk be any
nonzero complex scalars, and ϕ1, ϕ2, ..., ϕk be any analytic self-maps of
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D. Then the operator
∑k
i=1 λiCϕi is compact on B if and only if
lim
n→∞
‖λ1ϕ
n
1 + λ2ϕ
n
2 + ... + λkϕ
n
k‖B = 0. (1)
Proof. Suppose
∑k
i=1 λiCϕi is compact on B. Consider the test functions
pn(z) = z
n. We have ‖pn‖B ≤
2
e
and fn → 0 weakly in B as n→∞. Then
by the compactness of
∑k
i=1 λiCϕi , we get (1), as desired.
Conversely, suppose that (1) holds. By Theorem A,
∑k
i=1 λiCϕi is com-
pact on B if and only if∑
i∈Ij{zn}
λiϕ
#
i (zn)→ 0 as n→∞ for all {zn} ∈ △, j ∈ I{zn}.
Suppose that {zn} ∈ △ such that |ϕj(zn)| → 1, we write I = I{zn} and
J = Ij{zn}. Let {fn} be the sequence of analytic functions defined by
fn(z) = σϕj(zn)(z)
∏
i∈I\J
σϕi(zn)(z)
2 − γn,
where γn = ϕj(zn)
∏
i∈I\J ϕi(zn)
2. By the proof of Theorem A (see [7]),
we see that if limn→∞ ‖
∑k
i=1 λiCϕifn‖B = 0, then
lim
n→∞
∑
i∈J
λiϕ
#
i (zn) = 0.
We denote an,i = ϕi(zn), for i ∈ I . Then an,i → 1 as n→∞ and
fn(z) := σan,j (z)
∏
i∈I\J
σan,i(z)
2 − γn, and γn = an,j
∏
i∈I\J
a2n,i.
The sufficiency of the proof will be given after we prove that
lim
n→∞
‖
k∑
i=1
λiCϕifn‖B . lim sup
n→∞
‖λ1ϕ
n
1 + ...λkϕ
n
k‖B.
Suppose fn(z) =
∑∞
l=1 bn,lz
l. Since
∑k
i=1 λiCϕi : B → B is bounded and
‖zj‖B ≤
2
e
, by Lemma 1, it is enough to prove that for any fix positive
integral N , limn→∞
∑N
l=1 |bn,l| = 0 and there exists a positive constant C
independent of n such that
∑∞
l=1 |bn,l| < C.
Since σa(z) = a− (1− |a|
2)
∑∞
l=0 a¯
lzl+1, we get that
(
an,j − (1− |an,j|
2)
N−1∑
l=0
an,j
lzl+1
) ∏
i∈I\J
(
an,i − (1− |an,i|
2)
N−1∑
l=0
an,i
lzl+1
)2
= γn + bn,1z
1 + bn,2z
2 + ...+ bn,Nz
N + zN+1h(z),
where h(z) is a polynomial.
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Using Lemma 2, we obtain
N∑
l=1
|bn,l|
≤
(
|an,j|+ (1− |an,j|
2)
N−1∑
l=0
|an,j|
l
) ∏
i∈I\J
(
|an,i|+ (1− |an,i|
2)
N−1∑
l=0
|an,i|
l
)2
−|γn| → 0 as n→∞
and
∞∑
l=1
|bn,l| ≤
∞∑
l=1
|bn,l|+ |γn|
≤
(
|an,j|+ (1− |an,j|
2)
∞∑
l=0
|an,j|
l
) ∏
i∈I\J
(
|an,i|+ (1− |an,i|
2)
∞∑
l=0
|an,i|
l
)2
≤ 32|I\J |+1.
Here we used the fact that for all a ∈ D, |a|+ (1 − |a|2)
∑∞
l=0 |a|
l ≤ 3 and
|X| denote the cardinal number of X . The proof is complete.
Combining with Corollary 3.3 of [7], we have the following results.
Corollary 1. Let λ1, λ2 be nonzero complex scalars, and ϕ, ψ be any two
analytic self-maps of D. Suppose that none of Cϕ and Cψ is compact on B.
Then the operator λ1Cϕ+ λ2Cψ is compact on B if and only if λ1+ λ2 = 0
and limn→∞ ‖ϕ
n − ψn‖B = 0.
Corollary 2. Let λ1, λ2 be nonzero complex scalars such that λ1 + λ2 6=
0. Let ϕ, ψ be any two analytic self-maps of D. Then limn→∞ ‖λ1ϕ
n +
λ2ψ
n‖B = 0 if and only if limn→∞ ‖ϕ
n‖B = 0 and limn→∞ ‖ψ
n‖B = 0.
Theorem 2. Suppose k is a positive integer. Let λ1, λ2, ..., λk be any
nonzero complex scalars, and ϕ1, ϕ2, ..., ϕk be any analytic self-maps of
D. Then the operator
∑k
i=1 λiCϕi is compact on H
∞ if and only if
lim
n→∞
‖λ1ϕ
n
1 + λ2ϕ
n
2 + ...+ λkϕ
n
k‖∞ = 0. (2)
Proof. It is easy to see that
‖
k∑
i=1
λiCϕi‖H∞→H∞ ≤
k∑
i=1
|λi|‖Cϕi‖H∞→H∞ ≤
k∑
i=1
|λi|.
Suppose
∑k
i=1 λiCϕi is compact onH
∞. Consider the test functions pn(z) =
zn. We have ‖pn‖∞ = 1 and pn → 0 uniformly on any compact subsets of
D as n→∞. Then (see Proposition 2.1 of [9]), (2) holds.
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Conversely, assume that (2) holds. By the proof of Theorem 2.2 of [9],∑k
i=1 λiCϕi is compact onH
∞ if and only if
lim
n→∞
‖
k∑
i=1
λiCϕign‖∞ = 0 as n→∞ for all {zn} ∈ △, j ∈ I{zn},
where
gn(z) =
1− |ϕj(zn)|
2
1− ϕj(zn)z
∏
i∈I\J
σϕi(zn)(z).
Here I = I{zn} and J = Ij{zn}. We denote an,i = ϕi(zn), for all i ∈ I .
Then
gn(z) =
1− |an,j|
2
1− an,jz
∏
i∈I\J
σan,i(z).
Suppose gn(z) =
∑∞
l=0 cn,lz
l. Then
(
(1− |an,j|
2)
N∑
l=0
an,j
lzl
) ∏
i∈I\J
(
an,i − (1− |an,i|
2)
N−1∑
l=0
an,i
lzl+1
)
= cn,0 + cn,1z
1 + cn,2z
2 + ...+ cn,Nz
N + zN+1p(z),
where p(z) is a polynomial.
Using Lemma 2 again, we obtain
N∑
l=0
|cn,l|
≤
(
(1− |an,j|
2)
N∑
l=0
|an,j|
l
) ∏
i∈I\J
(
|an,i|+ (1− |an,i|
2)
N−1∑
l=0
|an,i|
l
)
→ 0
as n→∞
and
∞∑
l=0
|cn,l| ≤
(
(1− |an,j|
2)
∞∑
l=0
|an,j|
l
) ∏
i∈I\J
(
|an,i|+ (1− |an,i|
2)
∞∑
l=0
|an,i|
l
)
= (1 + |an,j|)
∏
i∈I\J
(
|an,i|+ (1 + |an,i|)
)
≤ 2 · 3|I\J |.
Using Lemma 1, we get
lim
n→∞
‖
k∑
i=1
λiCϕign‖∞ . lim sup
n→∞
‖λ1ϕ
n
1 + ...λkϕ
n
k‖∞ = 0,
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as desired. The proof is complete.
Next, we give some further remarks for Theorem A and Theorem 2.2 of
[9]. Set Λk := {1, 2, .., k}.
Theorem 3. Suppose k is a positive integer. Let ϕ1, ϕ2, ..., ϕk be ana-
lytic self-maps of D and λ1, λ2, ..., λk be nonzero complex scalars. Sup-
pose
∑
i∈J λi 6= 0 for every non-empty proper subset J of Λk and at least
one of the operator Cϕ1, ..., Cϕk is not compact on B. Then the operator∑k
i=1 λiCϕi is compact on B if and only if the following two conditions are
satisfied:
(i)
∑k
j=1 λj = 0;
(ii) Cϕi − Cϕj is compact for each i, j ∈ Λk.
Proof. Suppose that
∑k
i=1 λiCϕi is compact on B. We first prove that for
each {zn} ∈ △
I∗1{zn} = ... = I
∗
k{zn} = ∅ or I
∗
1{zn} = ... = I
∗
k{zn} = Λk.
In fact, for each {zn} ∈ △, there exists i ∈ Λk such that I
∗
i {zn} is nonempty.
Then by Theorem A (iii), we get
∑
i∈I∗i {zn}
λi = 0. Therefore,
I{zn} = Ii{zn} = I
∗
i {zn} = Λk.
Then I∗1{zn} = ... = I
∗
k{zn} = Λk. Hence,
I∗1{zn} = ... = I
∗
k{zn} = ∅ or I
∗
1{zn} = ... = I
∗
k{zn} = Λk.
Therefore,
lim
|ϕi(z)|→1
ϕ
#
i (z)ρ(ϕi(z), ϕj(z)) = 0
and
lim
|ϕj(z)|→1
ϕ
#
i (z)ρ(ϕi(z), ϕj(z)) = 0
for each i, j ∈ Λk. By the result in [14], Cϕi − Cϕj is compact for each
i, j ∈ Λk.
By the assumption, we assume that Cϕj is not compact on B. Then there
exists {zn} ∈ △ such that I
∗
j {zn} is nonempty. Then I
∗
j {zn} = Λk and∑
i∈I∗j {zn}
λi = 0. Therefore, Cϕ1 , ..., Cϕk are all not compact on B and∑k
j=1 λj = 0.
Conversely, assume that (i) and (ii) hold. Since
k∑
i=1
λiCϕi = (
k∑
i=1
λi)Cϕ1 +
k∑
i=2
λi(Cϕi − Cϕ1) =
k∑
i=2
λi(Cϕi − Cϕ1),
we have that
∑k
i=1 λiCϕi is compact on B.
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Remark 1. Suppose
∑
i∈J λi 6= 0 for every non-empty proper subset J of
Λk. Then
∑k
i=1 λiCϕi is compact on B if and only if all of Cϕ1 , ..., Cϕk are
compact on B or none of them is compact and conditions (i) and (ii) in
Theorem 3 hold.
Example 1. Applying Theorem 3, we can easily check whether a linear
combination of composition operators is compact on B under some mild
conditions. For example:
• 6Cϕ1 − Cϕ2 − 2Cϕ3 − 3Cϕ4 is compact on B if and only if Cϕ1 − Cϕi
is compact on B for each i = 2, 3, 4.
• 4Cϕ1 − Cϕ2 − 2Cϕ3 is compact on B only when Cϕ1 , Cϕ2, Cϕ3 are all
compact on B.
• 3Cϕ1 − iCϕ2 − 2Cϕ3 is compact on B only when Cϕ1 , Cϕ2, Cϕ3 are all
compact on B.
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